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ABSTRACT Site-speciﬁc infrared dichroism is an emerging method capable of proposing a model for the backbone structure
of a transmembrane a-helix within a helical bundle. Dichroism measurements of single, isotopically enhanced vibrational modes
(e.g., Amide I 13C¼18O or Gly CD2 stretching modes) can yield precise orientational restraints for the monomer helix protomer
that can be used as reﬁnement constraints in model building of the entire helical bundle. Essential, however, for the in-
terpretation of the dichroism measurements, is an accurate modeling of the sample disorder. In this study we derive an en-
hanced and more realistic modeling of the sample disorder based on a Gaussian distribution of the chromophore around a
particular angle. The enhanced utility of the Gaussian model is exempliﬁed by the comparative data analysis based on the
aforementioned model to previously employed models.
INTRODUCTION
Membrane proteins are involved in a large number of
biological functions, such as respiration, signal transduction,
and molecular transport. Using statistical analysis of various
genomes, it was shown that the proportion of membrane
proteins is between 20% and 35% of all encoded proteins
(Wallin and von Heijne, 1998; Stevens and Arkin, 2000).
Moreover, many genetic disorders are directly related to
membrane proteins and it is estimated that[70% of all cur-
rently available drugs act on membrane proteins. Our under-
standing of these processes, and as a result the success of
rational drug design, depends upon knowledge of the struc-
ture of membrane proteins. However, in contrast to water-
soluble proteins, the structure of membrane proteins is not
as easily solved using standard methods such as solution
nuclear magnetic resonance (NMR) spectroscopy or x-ray
diffraction.
This paucity of structural information onmembrane protein
has stemmed the development of alternative approaches
yielding orientational restraints, capable of deriving struc-
tures of membrane proteins. One such method, which yields
detailed backbone structures of membrane systems, is solid-
state NMR (Opella et al., 2002; Arora and Tamm, 2001; de
Groot, 2000). Using this method the structure of the protomer
backbone, and a detailed description of its orientation with
respect to the bilayer, can be derived by using orientational
restraints (Bertram et al., 2000). Examples include: the M2
protein from Inﬂuenza A (Kovacs et al., 2000; Wang et al.,
2001), gramicidin A (Ketchem et al., 1993), the M2 channel-
lining segment from nicotinic acetylcholine receptor (Opella
et al., 1999), and the major pVIII coat protein of fd
ﬁlamentous bacteriophage (Marassi and Opella, 2003).
Recently, site-speciﬁc infrared dichroism studies (SSID)
were able to derive similar orientational restraints, yielding
structural models of membrane a-helical bundles (Kukol
et al., 1999, 2002; Kukol and Arkin, 1999, 2000; Torres et al.,
2000, 2002). Thus, the promise that SSID has shown as an
additional method capable of yielding precise structural
models of membrane proteins motivates efforts to increase
its accuracy. It is for this reason that, in the present study, the
analysis of sample disorder (critical to the success of SSID)
is expanded in terms of a more realistic and rigorous mathe-
matical representation.
THEORY
Dipole moment orientation
The orientation of a transition dipole moment of a single vibrational mode~P
in an a-helix can be expressed as a function of several geometrical
parameters: 1), the helix tilt angle b; 2), the angle a relating the helix axis
and the dipole moment (in the case of the amide I mode it is measured to be
1418; Tsuboi, 1962); and 3), the rotational pitch angle v around the helix
axis (see Fig. 1). The orientation of a canonical helix with respect to the axes
can therefore be readily extracted given a perfect dichroic ratio from a site-
directed Fourier transform infrared (FTIR) dichroism measurement. How-
ever, in practice the sample may actually be less than perfectly ordered;
although a fraction of the helices will be tilted from the membrane normal by
the angle b, others may not. Clearly the accuracy of the derived helical tilt
and pitch angles depends on the accuracy of the proposed model.
The absorption by vibrational modes located within disordered helices
will change the observed dichroism and affect the calculated helix tilt and
pitch angles. Thus, estimates of the helix tilt and pitch angles will then
depend on the order of the sample. Following Fraser (1953), previous
analyses of infrared spectroscopy dichroism results were discussed in terms
of a model in which a certain fraction f, of the helices, was thought to be
perfectly tilted with respect to the membrane normal by the angle b, and the
remaining fraction (1 f ), perfectly random (Arkin et al., 1997). Clearly the
accuracy of the derived helical tilt and pitch angles depends on the accuracy
of the proposed model.
To increase the accuracy of the derived helix tilt and pitch angles, a new
physical model was derived and implemented in which a Gaussian
distribution function was used. In this study, we use the new model to
evaluate, using previous experimentally published results, the helices’
director mean tilt angle m and the sample disorder s, correlated to b and f in
the previous model, respectively.
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Dichroic ratio
The experimentally measured dichroic ratio, R, is deﬁned as the absorption
ratio between parallel and perpendicular polarized light of a chromophore
whose transition dipole vector is ~P (see Fig. 1),
R[ AkA? : (1)
Integrated absorption coefﬁcients
The absorption of light is equal to the squared scalar product between the
axial electric ﬁeld components Ex, Ey, and Ez and the corresponding
dimensionless integrated absorption coefﬁcientsKx,Ky, andKz (Arkin et al.,
1997). In the geometrical conﬁguration of attenuated total internal reﬂection
(Harrick, 1967) the dichroic ratio is given by
R ¼ E
2
zKz1 E2xKx
E2yKy
: (2)
The integrated absorption coefﬁcients Kx(v), Ky(v), and Kz(v), for a single
chromophore~P, are related to the square of the projection of~P over the axes
x, y, and z, respectively (see Arkin et al., 1997, for derivation), as
KxðvÞ ¼ cosðbÞ
2
cosðvÞ2sinðaÞ2
2
1 cosðaÞcosðbÞcosðvÞsinðaÞsinðbÞ
1
cosðaÞ2sinðbÞ2
2
1
sinðaÞ2sinðvÞ2
2
; ð3Þ
KyðvÞ ¼ KxðvÞ; (4)
KzðvÞ ¼ cosðaÞ2cosðbÞ2
 2cosðaÞcosðbÞcosðvÞsinðaÞsinðbÞ
1 cosðvÞ2sinðaÞ2sinðbÞ2: ð5Þ
Integration over all possible pitch angles yields Kx(hvi), Ky(hvi), and
Kz(hvi), which are used to calculate the dichroic ratio for an a-helix with
vibrational modes rotationally distributed in a random fashion (Arkin et al.,
1997), as
KxðhviÞ ¼ sinðaÞ
2
4
1
cosðbÞ2sinðaÞ2
4
1
cosðaÞ2sinðbÞ2
2
; ð6Þ
KyðhviÞ ¼ KxðhviÞ; (7)
KzðhviÞ ¼ cosðaÞ2cosðbÞ21 sinðaÞ
2
sinðbÞ2
2
: (8)
Sample disorder
In Eq. 2, sample disorder is not taken into account, in that all helices are
assumed to share the same tilt angle (i.e., there is no variation in b).
Fractional sample order
In the previous model, following Fraser (1953), the fraction of perfectly
ordered material around a particular helix tilt is denoted f, and thus 1  f
consists of the random fraction. An appropriate and mathematically simple
correction for the integrated absorption coefﬁcients yields the desired
function describing the dichroic ratio, as
R ¼
E2z fKz1 1 f3
 
1 E2x fKx1 1 f3
 
E2y fKy1 1 f3
  : (9)
Gaussian distribution of sample order
The utility of the fractional distribution function clearly rests in its
mathematical simplicity. However, it is equally clear that in reality the order
in which helices tilt from the lipid bilayer may be better approximated by the
mathematically more realistic Gaussian distribution, F(b) (see below). Thus,
the dichroic ratio of a single chromophore ~P, can be written as
FIGURE 1 Schematic representation of the geometric parameters that
are used to deﬁne a chromophore’s transition dipole moment orientation.
The helix director is tilted from the z axis by the angle b, containing
a vibrating bond~P related to the helix director by the angle a. The bond is
positioned with a rotational pitch angle v around the helix director. The
angle u is the absolute angle between the transition dipole moment and the
z axis. Uniaxial symmetry results in rotational averaging around the z axis by
the angle f.
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RS ¼ E
2
z
Ð ‘
‘ FðbÞKðvÞzdb1 E2x
Ð ‘
‘ FðbÞKðvÞxdb
E2y
Ð ‘
‘ FðbÞKðvÞydb
; (10)
whereas the dichroic ratio of an a-helix with vibrational modes rotationally
distributed in a random fashion, can be written as
RH ¼ E
2
z
Ð ‘
‘ FðbÞKðhviÞzdb1 E2x
Ð ‘
‘ FðbÞKðhviÞxdb
E2y
Ð ‘
‘ FðbÞKðhviÞydb
:
(11)
According to the Gaussian distribution, the probability of ﬁnding a helix
with a tilt angle b is given by
FðbÞ ¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
s
e
ðbmÞ2
2s
2 ; (12)
whereby m and s are the mean tilt angle and the standard deviation,
respectively. Normalization maintains that integration of Eq. 12 from minus
inﬁnity to plus inﬁnity equals 1.
Based on Eq. 12, it can be seen that the disorder of the sample is given by
s: Higher disorder of the sample will result in an increase in s. The
integrated absorption coefﬁcients given in Eqs. 3–8 should therefore be
multiplied by the normalization factor.
Integration of the normalized integrated absorption coefﬁcients (see
Appendix) from minus inﬁnity to plus inﬁnity, results in the averaged
integrated absorption coefﬁcient. See Appendix for derivations in which the
geometrical relationship between the chromophore transition dipole moment
and the helix axis is described by two angles,a and d (Arkin et al., 1997). Thus
we obtain the equations for the integrated absorption coefﬁcients for a single
chromophore on a helix, modeling the sample disorder as a Gaussian
distribution,
hKyðvÞi ¼ hKxðvÞi; (14)
By integrating the results of Eqs. 13–15 throughout all possible rotational
pitch angles v, we obtain the equations for the integrated absorption
coefﬁcients for an a-helix, modeling the sample disorder as a Gaussian
distribution:
hKxðhviÞi ¼
ð‘
‘
1ﬃﬃﬃﬃﬃﬃ
2p
p
s
e
ðbmÞ
2
2s
2 dbKxðhviÞ
¼
cosðaÞ2 1
2
 cosð2mÞ
2e
2s
2
 
2
1
sinðaÞ2
4
1
1
2
1
cosð2mÞ
2e
2s
2
 
sinðaÞ2
4
; ð16Þ
hKyðhviÞi ¼ hKxðhviÞi; (17)
hKzðhviÞi ¼
ð‘
‘
1ﬃﬃﬃﬃﬃﬃ
2p
p
s
e
ðbmÞ2
2s
2 dbKzðhviÞ
¼ cosðaÞ2 1
2
1
cosð2mÞ
2e
2s
2
 
1
1
2
 cosð2mÞ
2e2s
2
 
sinðaÞ2
2
: ð18Þ
RESULTS
Gaussian distribution results
Table 1 presents the results in which the Gaussian
distribution model was used to solve site-speciﬁc dichroism
data for all transmembrane a-helical bundles for which
structures are available from other methods: human glyco-
phorin A (GpATM) (Arkin et al., 1997), solution NMR
structure in detergent micelles (MacKenzie et al., 1997),
Inﬂuenza AM2 (Kukol et al., 1999), solid-state NMR (Wang
et al., 2001; Wray et al., 1999), and HIV vpu (Kukol and
Arkin, 1999) solid-state NMR (Marassi et al., 1999; Wray et
al., 1999). When compared to the results obtained using
NMR, signiﬁcant similarity is observed to those obtained in
this study. Differences between our results and that obtained
by NMR results may arise from 1), different procedures
which were used for the reconstitution of the TM peptides
and 2), difference in experimental temperature.
hKxðvÞi ¼
ð‘
‘
1ﬃﬃﬃﬃﬃﬃ
2p
p
s
e
ðbmÞ2
2s
2 dbKxðvÞ ¼
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2
 cosð2mÞ
2e
2s
2
 
2
1
1
2
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2e
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2
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2
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e
s
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2
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p
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e
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2
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2
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2e
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2
 cosð2mÞ
2e
2s
2
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e
s
2 : ð15Þ
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To analyze the SSID data, canonical helices were assumed
(i.e., no gross distortion in the helix). Based on this assumption,
the pitch angle, v, between two adjacent amino acids is 1008.
This assumption is examined by inspecting the helicity of the
TM peptides using FTIR. In other words, the frequency of
the observed amide mode belonging to the helix as well as the
labeled site are indicative of the high degree of helicity of the
peptides. Furthermore, in at least one instance the canonical
nature of the transmembrane helix of the M2 protein from
inﬂuenza has been shown by other methods (Wang et al., 2001).
The use of a Gaussian distribution model to solve SSID
data for transmembrane systems is a fast experimental way to
ﬁnd the three main parameters which are used to describe the
system: tilt angle, pitch angle, and the sample disorder. The
tilt and pitch angles can be used as a basis for molecular
dynamics search, which can yield a model for the system
(Adams et al., 1995).
The results for the vpu TM domain are an example for the
advantages of the SSID analysis using the Gaussian
distribution model over other methods (such as NMR). For
example,when comparing the single parameter obtained from
NMR (Wray et al., 1999; Marassi et al., 1999), the Gaussian
distribution model yields three parameters (tilt angle, pitch
angle, and the measure of the sample disorder). Thus, the
more realistic Gaussian model, albeit mathematically more
complex (compare Eqs. 3–8 with Eqs. 13–18), is readily
capable of yielding results which are in excellent agreement to
those obtained previously using different methods.
Relationship between the fractional sample
order f and s
In previous implementations of site-speciﬁc dichroism,
disorder was modeled by way of a fractional sample order,
0 # f # 1 (Arkin et al., 1997). In the present study in which
a Gaussian distribution is used, s represents the disorder
parameter. In Fig. 2 the relationship between f and s are
simulated, and as expected, both parameters are inversely
correlated; the higher s is, the lower f is, and vice versa. The
values of f at Fig. 2 are restricted to 0 # f # 1. The reason is
that, inasmuch as s is not normalized, it is possible to obtain
simulated f values\0 or[1, bearing no physical meaning.
DISCUSSION
Any mathematical model of sample disorder used in the
analysis of site-speciﬁc dichroism must stand by the fol-
lowing two criteria:
1. The model must accurately represent the disorder that
takes place in the sample.
2. The model must not be too mathematically complex so as
to prevent the ﬁnding of numerical solutions to the coupled
equations which describe site-speciﬁc dichroism.
The Gaussian distribution model presented in this study is
clearly a better description for sample disorder than the
fractional sample order presented previously (Fraser, 1953).
The main advantage of the Gaussian distribution model is
embedded in the more realistic way in which it describes the
physical system. According to the model proposed by Fraser
(1953), the helix directors which are not related to the
membrane normal (the z axis) by angle b (see Fig. 1) are
perfectly random. (For example, the probability of ﬁnding
a helix director at angle b1 18 or at angle b1 508 is equal.)
As described later, this is not a correct description of the
sample disorder of uniaxial systems. In such systems, the
probability of ﬁnding a helix director tilted by angles distinct
from b decreases as the angle difference (from the angle b)
increases. Using a Gaussian distribution model, a better
description of uniaxial systems sample disorder is at hand.
TABLE 1 Comparison of literature values
GpATM M2 vpu
bindependent data 208 338 #308 (Wray et al., 1999)
15 6 58 (Marassi et al., 1999)
m 24.77 6 3.188 30.3 6 8.98 5.6 6 1.88
vindependent data 3418 578 N/A
v 314.11 6 2.538 60.8 6 7.28 294.5 6 7.18
sindependent data N/A N/A N/A
s 56.45 6 9.698 30.8 6 9.38 19.2 6 4.88
GpATM (MacKenzie et al., 1997), M2 (Kovacs and Cross, 1997), and vpu (Wray et al., 1999; Marassi et al., 1999) of the helix tilt angle b and the rotational
pitch angle v with results obtained from the Gaussian distribution model (data taken from M2, Kukol et al., 1999; and vpu, Kukol and Arkin, 1999) in which
m is used instead of b and s is used as the order parameter. The literature rotational pitch angles are designated as vindependent data, whereas results from the
Gaussian distribution model are designated as v.
FIGURE 2 Calculated values for the order parameter f as function of the
disorder parameter s. Two-dimensional representation of the dependence f
at s for given b; in the graph, only values of 0 # f # 1 are given. b-angles
equal to 08, 308, 608, and 908 are in black dashed and solid lines, and shaded
dashed and solid lines, respectively.
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As stated above, the measured dichroic ratio is a function
of two parameters—the angle of the dipole moment, ~P, and
the disorder parameter. According to previous simulations of
systems with varying b-angles and disorder parameter
(Arkin et al., 1997), it was shown that for a system with
a given b-angle, different disorder parameters will result in
different dichroic ratios. Hence, proper description of the
sample disorder is vital for proper calculation of b.
Major disorder in the sample may arise due to mosaicity
variations in the membrane surface, which implies that the tilt
angles of the helices are not random and equally distributed,
but rather are located around a mean value (the angle m).
Mosaicity variations in the membrane surface arise mainly
due to experimental difﬁculties in preparing a perfectly ﬂat
phospholipid bilayer. Minor disorder in the sample may also
arise due to thermal ﬂuctuations of membrane-embedded
helices, inasmuch as those ﬂuctuations are located around
a mean value by their nature. The combination of these two
factors gives a Gaussian distribution of the sample population
around a mean value (the angle m).
The obvious reason for the implementation of the
fractional sample order model is its mathematical simplicity.
However, modern computers are readily capable of numer-
ically solving the coupled equations describing site-directed
dichroism employing the Gaussian distribution model.
One ﬁnal advantage of the Gaussian distribution model is
the physical interpretability of the results which are yielded.
Speciﬁcally, the width of the Gaussian distribution around
a mean angle can be related to the membrane mosaicity
which can be measured independently by other techniques
such as x-ray reﬂectivity (Munster et al., 2002).
APPENDIX
The derivations of Eqs. 13–18 utilized the following integrals (Jeffrey,
1994):
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2p
p
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ðbmÞ2
2s
2 db ¼ 1; (A1)
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p
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2 sinðbÞdb ¼ es2=2sinðmÞ; (A2)
ð‘
‘
1ﬃﬃﬃﬃﬃﬃ
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Below are listed the derivations for the averaged integrated absorption
coefﬁcients when the geometrical relationship between the chromophore
transition dipole moment and the helix axis is described by two angles: a and
d (Arkin et al., 1997). The integrated absorption coefﬁcients before Gaussian
normalization are given elsewhere (Arkin et al., 1997). Note that the
following equations are equal to Eqs. 13–18 upon setting d ¼ 0.
hKyðvÞi ¼ hKxðvÞi; (A7)
hKxðvÞi ¼
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The results for the helix dichroism are obtained by integrating the results of
Eqs. 13–15 throughout all possible rotational pitch angles, v:
hKxðhviÞi¼
cosðaÞ2cosðdÞ2 1
2
cosð2mÞ
2e
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2
 
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1
cosðdÞ2sinðaÞ2
4
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hKyðhviÞi ¼ hKxðhviÞi; (A10)
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